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. . . *)
uctive experiments with some Runge-Kutta-Rosenbrock methods

Verwer

ACT

The paper deals with certain boundedness properties of Runge-Kutta=-
tbrock methods when applied to nonlinear stiff systems. It reports some
‘uctive examples and numerical experiments performed with a number of
e 2-stage schemes and the Rosenbrock code ROW4A. Attention is paid to
:onversion of non—autonomous problems to the autonomous form. An impor-
conclusion is that this conversion may lead to a significant loss in

acy.

JORDS & PHRASES: Numerical analysis, Numerical integration, Rosenbrock

methods, Nonlinear stiff equations

'his report will be submitted for publication elsewhere.







'RODUCTION

\ substantial part of the literature on numerical methods for stiff sys-
»f ordinary differential equations deals with Runge-Kutta-Rosenbrock

Is. For the non-autonomous initial value problem

X = F(£,X), X(ty) = X,

*ginal m-stage Rosenbrock method (see [7]) is very similar to the

-Kutta type integration formula

(0)

x\*9 = x
n n
3) _ _ (7)1 (3) @) . _
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10tes the approximation at time t = t and T > 0 denotes the stepsize;
= tn + va, where, normally, O < v. < 1, Further

J

74 J(Eéj),iéj))’ J(t,X) = 3F(t,X)/3X,

n
RO @ G) _ 3 @
th T KEO %35,L th o X0 T KZO *3,L X,

the parameters a. 2 denote real scalars. Note that each stage involves
t,X)-evaluation, a’solution of a system of linear algebraic equations,
possibly, a J(t,X)-evaluation.

Up to now the literature on Rosenbrock type schemes mainly deals with
evelopment of new schemes and, in particular, with the analysis of the
ring rational stability functions. In fact, it is now well-known that
do exist A-stable, or L-stable, Rosenbrock type schemes of high order

nsistency. It is less known however that such a scheme, which according

e Dahlquist-Henrici theory ought to be judged as being reliable, may




rehave real bad when applied to certain non-linear problem classes. Or,

then we are given 2 schemes of the same order of consistency and having

‘he same stability function, we may encounter large differences in their
rerformance when applied to these non-linear problem classes.

The present paper deals with these phenomena. We discuss a number of
nstructive examples and numerical experiments, most of which are based on
‘esults presented in a previous paper [12]. In that paper the author in-
restigated, following ideas put forward by Stetter [10] and van Veldhuizen
11], a so-called uniform boundedness property of method (1.2) for 2 model
:lasses which are directly relevant to non-linear stiff problems. This
oundedness property plays a key role in the examples and experiments we
ire going to discuss.

In short, the contents of the paper are as follows. In section 2 we
‘hortly discuss the boundedness property we are concentrating on. Sections
i and 4 review the model classes we investigated in [12]. In these sections
'e also discuss numerical examples. Section 5 deals with the conversion to
he autonomous form which in the greater part of the literature is used
‘hen a genuine non-autonomous problem is met. An important conclusion of
ection 5 is that this conversion to the autonomous form may lead to a sig-
ificant loss in accuracy, and even to instability. In section 5 we also
'eport an experiment with the Rosenbrock code ROW4A. Here our aim is to il-
ustrate how bad boundedness properties show up in practice when using an

utomatic code.
. THE PROPERTY OF e-BOUNDEDNESS

In the analysis of numerical methods for stiff problems the study of
odel-equations have proved to be fruitful. For example, the simple well-

nown scalar model
2.1) x=6x, &6eC, Re(§) <O,
rovides indispensable information on the absolute stability of integration

lethods for ordinary differential systems. For constant coefficient linear

ystems this scalar model already yields enough insight. For non-Zlinear




systems however, this model has appeared to be too simple and there is
| for additional research on more refined models. Such a model (cf.

.]) should permit the simultaneous occurrence of smooth and transient
.on components, and, in this connection, its Jacobian matrix should

\ time—-dependent eigensystem. Further it should be possible to consider
.t process by which one can introduce arbitrarily high stiffness.

.y, the occurrence of non-linear terms in the model could help us to
1se our insight.

[t is our purpose to support these views for Rosenbrock type methods
ins of some instructive examples and numerical experiments. Most of
will be based on theoretical results presented in [12]. There we in-
jated a so-called property of uniform boundedness for method (1.2)
ipplied to 2 model classes having the characteristics just mentioned.
111 now first describe the kind of boundedness we think of. Let

X = F(t,X,e), € € (0,80], €. constant,

0
sent some class of model equations we have in mind, where

: [tO,T], t, and T finite and constant, X(to) = XO = Xo(e).

0
L problems in this class possess a unique bounded solution X = X(t,e)
[tO,T] x (0,50], i.e., we suppose the existence of a constant K such

at

sup sup Ix(t,e)l < K.
se(O,sO] te[tO,T]

> stiffness ratio tends to infinity if € - 0 (1/e factors).

that the initial vector X0 may depend on the stiffness parameter €.

case may be relevant in case we have non-linearities in X. In what

¥s it is convenient to represent scheme (1.2) in the operator form




x© - x|
n n
(2.3) XI'(lj) = Q(j)({tr(lﬂ)’xriz)}ﬂ<j’T’E;F)’ j = l(l)m’
x . o= x™
n+l n

DEFINITION 2.1. Suppose we are given a method of type (2.3) and a class of

stiff problems satisfying properties (2.2a-c). We then call this method e-
bounded on this class if for all its problems the following statement holds:
for any point (t,X) in the region of definition of F, where X = X(g) 1is

bounded in € € (0,80], a constant . exists such that
(2.4) <I>(J)({t(£),X(K)}zq,r,s;F) - 0(1), e~+0, j=1(m,

for all t € (O,T*],T* being independent of e. [

For clarity we wish to make 2 comments on this definition. Firstly, in
relation (2.4) we confine ourselves to fixed t-values, i.e., the constant
implied may depend on Tt (cf. [10], p. 192). In view of property (2.2b), our
goal is to select methods which are able to produce a finite sequence of
approximations over the interval [tO,T] being bounded in € € (O,EO]. If, for
a given problem, none finite sequence will remain bounded if ¢ + 0, we may
expect large discretization errors in a non-limit situation.

Our second comment concerns the additional boundedness requirement for
j < m. We prefer to define e-boundedness in this way as it facilitates the
analysis (see [12]) and, of course, it is also obvious to ask for bounded-

(i) (m)

s jJ <m, 1if ®(m) is required to be bounded (in general &

)

ness of &

depends in a non-linear way on ¢ , J <m).

3. MODEL CLASS 1

In order to obtain concrete results on e-boundedness one has to select
appropriate model classes. In [12] we investigated 2 such classes. The first
of these is reviewed in section 3.1. In section 3.2 we present a specific

example to be used in section 3.3 for a numerical illustration.




. class of non-linear model equations

'he class is described by 2 coupled singularly perturbed differential

1s of the form (see also [3])

1l
»

£(t,x,y,e) + ¢ A(t)y, x(0)

M e
]

. -1
y = g(t,x,y,e) + € u(t)By, y(0) Yo+

1sider (3.1) on the interval [0,T] and, until further notice, xo,yO

;sumed to be independent of €. The right hand side functions are sup-

to be sufficiently differentiable. The vector functions f and g are

sd to be non-linear and, in particular, they are supposed to be bounded
is € > 0. Further, f: [0,T] x ]RS] x ]Rszx (0,30] - IRSI and g:
x>R§1><]Rszx (0,60]-+iR82, where 128, > 1. A is a t-dependent
,)-matrix and u is a scalar function which is strictly positive, i.e.,
; % >0 for all t ¢ [0,T]. Finally, B is a constant (sz,sz)—matrix
spectrum A(B) lies in the negative half plane C = {zIRe(z) < 0}. It

: difficult to prove the following result [12]:

iM 3.1. Let o = max{Re(}) : A € A(B)} < 0. Then, for all t ¢ (0,T] and
1, the solution functions x(t,e) and y(t,e) of problem (3.1)

0
fy
Ix(t,e)) < Ky»  Bi(t,e)l < Kj[elexp(G ofie” £) + 1,
~ 1~ -1
ly(t,e)l < Kofexp(z ape t) + €1,
. ~ -1 1~ -1
ly(e,e)l < K][s exp(i apye t) + 11,
7 K and E] being positive comstants independent of t and e. [

inequalities reveal that we can write

x(t,e) = 0(1), y(t,e) =0(e), € >0, te (0,T].

11y the x-solution shall consist of a rapidly decaying transient




omponent and a smooth one which determines x(t,e) everywhere outside the
ransient phase. The transient behaviour of x(t,e) is completely determined
y the transient of the y-solution. Further, to a large extent the magnitude
f the smooth component is independent of the stiffness parameter e. For the
—-solution the situation is somewhat different. Typically, it contains a
ransient component and a smooth one which is 0(e) for all t ¢ (0,T]. Hence
n a practical situation it will be smooth x-solution in which we are mostly
nterested, € being so small that the transients can be neglected and that

he smooth y-solution is of less practical interest. It shall be clear now
hat a suitable integration method for (3.1) should generate approximations
o the smooth solutions which show a similar behaviour in €. In particular,
he method should be capable to generate such gpprox%mations with some step-
ize T being independent of €, i.e. Xéj) = [xéj), yéJ)]T, j = 1(1)m, should
atisfy

3.4) xij) = 0(1), yéj) = 0(e) as € > 0, n = 1(1)T/r.

EFINITION 3.1. Suppose we are given a method (2.3) which is e-bounded on

class of problems of type (3.1). We then call this method e-accurate on
his class, if in relations (2.4) for all y—components of Q(J) an O0(e) be-

aviour appears. [J

learly, if a method is e-accurate it can be used to generate finite approx-
nation sequences satisfying (3.4). The next theorem summarizes the main

asults we obtained for method (1.2) when applied to class (3.1) [12]:

1EOREM 3.2. (i) Any Rosenbrock method (1.2) is e-bounded on the 2 classes
f problems (3.1) for which, respectively, A = 0 and A,u are constant.

ii) Any Rosenbrock method (1.2) is e-bounded on the whole class (3.1), if
t each stage J(t,X) is evaluated at the special point (t,X) = (t(j),X(j)).
iii) Any Rosembrock method (1.2) is e-accurate on the whole class (3.1),
ff the stability fumction R(m)(z), as well as all internal stability func-—
tons R(j)(z), j <m, do have a zero at infinity.

iv) Any Rosenbrock method (1.2) evaluating J(t,x) once per step, is e-
ounded on the whole class (3.1), Zff R(j)(w) =0 for j < m.




msider class (3.1). Let the point X = (x,y) occurring
2 such that x = 0(1), y = 0(e). Then any Rosenbrock me:

wate on the whole class (3.1). [

¢ 3.1. As shown in [12], e-boundedness of (1.2) with r

cermined by the boundedness, in € € (O,EO], of
-1 -2, - -1 a1
e A(t)y+yte “A(t)[I-yte u(t)B] "u(t)By, t #

1ll use this rule to select an appropriate example mod
eants. It is needed because for a specific example the

am 3.2 may happen to be too strong. [

A non-linear test example

e consider the system
x, = a_ (x,+x +y-1)k + e—]u (t)y
171 72 1 ’
= a,(x,+x +y—1)k + e_lu (t)y
2 271 72 2 ’
y = a,(x,+x +y—l)k - eflu(t)y
3V 72 °

Eg St < T and € € (O,eo], xl(t),xz(t),y(t) are scalar

onstant, and u = Hy + Moo The sum s = xl+x2+y satisfie

s = a(s-l)k, a a,+a

1Fagta

3°
at
1

s(t) = 1 + [a(l-k)t + c1'7¥, ¢ = (s(to)-])l_k -

0) = S0 # 1, equation (3.6) thus possesses a unique so
ed on any finite interval [0,T], uniformly in € ¢ (0,¢e

solution satisfies the inequalities in Theorem 3.1.

finition

1.2) Zs

to (3.1),

the ex-

ions of

nd k = 1

)tO.

. being

rthermore,




Elaborating expression (3.5) for system (3.6) yields

3.9) e-]ui(t)Y{

ui(t)+YTe_1[ui(t)u(E)- ui(f)u(t)] }
, i=1,2.

w (O 1yre ()]

f ui(t)u(g) # ui(E)u(t), this expression is not bounded in ¢ € (0,50], i.e.,
he conditions of Theorem 3.2 apply to the specific example (3.6). If
i(t)u(E) = ui(E)u(t) for all t,E € [0,T], any Rosenbrock method (1.2) is
ble to generate finite approximation sequences being bounded in € € (0,80].

The eigenvalues of the Jacobian 3F(t,X,e)/dX, evaluated on the exact

olution, are given by

3.10) §, =0, ¢

, , = a8 (©), 65 = - (o),

here 6(t) = k_][at(l—k)+ Cl. In the following we therefore take C > 0 and
< 0, so that 62 < 0. Note that 62 does not depend on €.
Obviously, much freedom is left in choosing the various defining para-
eters in (3.6). We put (u = u]+ uz)

3.11) k=2,a =-0.1,a_ =1, a_ = -1, ul(t) =ebt-t, u_=t.

2

ote that for all t,t we have ui(t)u(E) # ui(E)u(t), i = 1,2. Further, as
2(0) =0, X, has no transient. There remains to choose a range of e-values
nd initial values at t = 0. The e-range will be given below at the actual

xperiments. Here we already define 2 sets of initial values, namely

3.12a) x](O)

o, xz(O)

=
("

1, y(0)

3.125)  x,(0) = %, x, (0)

1, y(0)

]
m
.

he initial values (3.12b) define a smooth solution (y(0) = €).

«3. Numerical illustration

The lack of e-boundedness, or e-accuracy, manifests itself by unusually

arge errors and, typically, the smaller €, the larger the errors. We shall




illustrate this unwanted phenomenon for the problems (3.6,11,12a) and
(3.6,11,12b).
For the experiments we selected 4 simple 2-stage formulas (1.2) of order

2. All are L-stable and R(l) and R(z) are given by (YO=Y1=Y)

1+(A V) z _
(3.13) R (gy=n 10 77 gD,y I¥U=2)z - Ly
I-vz 2 2
(1-vz)
Note that the formulas share the stability function R(z). We have A, ,=1-2A

- - (1 .
v, = 1/2>\21 and x21 = (2 Y)/Alo.

(1) e-bounded e-accurate
R () J(t,X)| on (3.1) on (3.1)

formula AIO %50 alO e
a 1-2vy 1 1 3Y;1 1 no no
(3.14) b Y 1 1 0 1 yes yes
c 1-2y 1 0 1 é%;l 2 yes no
d Y 1 0 1 0 2 yes yes
The choice XIO = vy implies R(])(w) = 0. The choice A]O = (3y-1)/y is,for our

. . . . . 1
purpose, rather arbitrary. Of importance is that in this case R( )(w) # 0.

The present A ,-value implies v, = 1 and R(l)(W)‘u -0.4. The uj z—values are
]

self—evident.]gecall that schemes using more than one J(t,X)-evaluation per
step, are usually not recommended.

In the figure below we plotted, for a set of e-values from the inter-
val [10_7,1], the numbers ac_ = —lolog(max. abs. error of x—components) and
acy = —lolog(abs. error of y-component) for precisely | integration step of
length 1/20. On purpose we do not give errors measured after a number of
steps because we noticed cancellation of X, ~errors and X,~errors when per-
forming more than 1 step. For our purpose it suffices to consider only 1
step. Recall that problem (3.6,11,12a) exhibits a transient behaviour, where-

as the solution of (3.6,11,12b) is smooth due to the initial value y(0) = e.
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Fig. 3.1 1Initial x-error, Fig. 3.2 1Initial y-error,
(3.6,11,12a). (3.6,11,12a).

Let us first discuss the results for (3.6,11,12a). Figure 3.1 clearly
10ows the lack of e-boudedness of scheme a, i.e., for increasing stiffness
ts accuracy strongly decreases, whereas the accuracy of b and c remains
nstant. Also note that, in this case, scheme d is much more accurate
1an b and c. Figure 3.1 shows that d even takes advantage of increasing
tiffness (this phenomenon cannot be explained from the notions of e-bounded-
>ss and e-accuracy). Figure 3.2 clearly shows the lack of e-accuracy of
cheme a. It should be noted that scheme c, which according to (3.14) is not
-accurate,yields the same initial y-errors as b and d. This can be explained
com the following (heuristic) observation. Consider the linear part of the
1ird component of equation (3.6), i.e., y = -e—lu(t)y. Application of the

-stage schemes ¢ and d to this equation, yields

-1 -1
y 1= O, v)te u(e )-(A,,=y)te "u(t_+v 1)
3.15) ol SO L B 10, e~ o.
n (I-yte u(t )) (1-yte “(tn+”1T))

;mce the extra Jacobian evaluation yields extra damping, even if
1) -
oy = 0(1).
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Fig. 3.3 Initial x-error, Fig. 3.4 1Initial y-error,
(3.6,11,12b). (3.6,11,12b).

‘he results for the easier problem (3.6,11,12b) have been plotted in

s 3.3, 3.4. For this problem all x-approximations are 0(1) and all
roximations are 0(e) (cf. Theorem 3.2, part (v)). Note however that the
1ded schemes b-d yield significantly more accuracy than scheme a.

ly it is worthwile to observe that for the larger e-values, say

t0_2,1], all 4 schemes yield approximately the same errors.
JEL CLASS 2

fhe second model class we are interested in, and which was also dis-
1 in the previous paper [12], is reviewed in section 4.1. Section 4.2
with a specific example which is used in section 4.3 for a numerical

:ration.

fhe class of D-stability model equations

fhe following class of linear stiff model problems, class S, was pro-
by van Veldhuizen [11] (cf. (2.2)):

an a2

) X = F(t,e)X = ¢ X, X(t) ¢ €2,

21 22




there
1) aij € € depends smoothly on t ¢ [0,T] and € ¢ (0,50].
) F(t,e) = E(t,e)D(t,e)E_l(t,e), where

d 0 ~

D= R Re(dz(t,a)) <d, <0 on [0,T]x (0,20].

2

[1’ d2, E and E_l depend smoothly on t, € and the derivatives from order

lero up to a sufficiently high order are bounded on [0,T]x (0,80].

Van Veldhuizen used class S in his D-stability investigations. Though
resented in a somewhat different setting D-stability may be viewed upon
s a uniform boundedness property, like e-boundedness. However, it only
pplies to linear homogeneous problems X = F(t)X. For reasons of presenta-
ion we therefore do not make use of van Veldhuizen's definition which is
lightly different from ours (see [11,12]).

As pointed out in [11], a nice feature of model (4.1) is the possibili-
y to define subclasses of ‘S which describe certain types of couplings be-
ween smooth and stiff solution components. Because these couplings may be
f decisive importance for the performance of a Rosenbrock type method, we
ive a short description of these subclasses. Consider a problem from class

'. Denote Y(t) = E_l(t)X(t). Then Y satisfies
4.2) Y = [D(t) - C(£)IY, C(t) = E ' (£)E(t).

n case C(t) is diagonal on [0,T], the problem from S has been uncoupled by
he transformation X = EY, i.e., there exists no coupling between smooth

nd transient components. Otherwise we employ

JEFINITION 4.1. The coupling from the smooth to the transient component, at

L= t*, is weak if C2](t*) = 0(e). The coupling from the transient to the
mooth component, at t = t*, is weak if C12(t*) = 0(g). If a coupling is not
reak, we call it strong. wst(wts) denotes the subclass of S for which on the

thole time interval C21(t) = 0(8)(C12(t) = 0(e)). O




13

) agsumptions (4.la,b) the matrix C(t) is at least 0(1) as € - 0. Hence
m (4.2) is of type (3.1). By means of Theorem 3.1, and the bounded
‘ormation X = EY, it thus follows that all solutions of (4.1) are bound-

£ € (0,60].

M 4.1. Consider an arbitrary 2-stage Rosenbrock method (1.2) which
ites J(t,X) once per integration step. This method is
-~bounded on W__.
ts (10
:=bounded on wst, iff R* 7 (=) = 0.
10t e-bounded on S.

This theorem is a special case of Theorem 3.1 in [11]. [

M 4.2. An m—stage Rosenbrock method (1.2) is e-bounded on S iff at
stage J(t,X) 18 evaluated at the special point (t,X) = (t(J),X(J)).

, The necessity follows from Theorem 4.1 , part (iii). Recall that
sdness of the m—stage result implies, by definition, boundedness of
receding m-1 results. The sufficiency has been proved in [12], Theorem

O

2 theorems show that if we have a strong coupling from stiff to smooth,
lce versa, e-boundedness cannot be guaranteed if we restrict ourselves

> J(t,x)-evaluation per integratiorn step. Unfortunately, schemes which
luate the Jacobian per stage are usually not recommended because of
considerable computational overhead.

S0 far we did not yet attempt to prove part (i) and (ii) of Theorem

or methods (1.2) using more than 2 stages. We do conjecture however

oy iff

©) = 0, j < m. For example, the class consisting of all problems

these methods are also es-bounded on wts, and e-bounded on WS

fying properties (4.la,b), is a subclass, say S,, of Wst [12]. Because

may also be viewed upon as a prototype of the first variational form




f model (3.1), part (iv) of Theorem (3.2) applies. It thus follows that an
rstage Rosenbrock method (1.2), using one J(t,X)-evaluation per step, is
:=bounded on 32’ iff R(j)(w) = 0 for j < m.

Because Sz c wst, class SZ does not describe strong couplings from
imooth to transient. This fact may be considered as a shortcoming of equation

4.3), and thus also of (3.1), when used as a model.

te2. A test example exhibiting only strong couplings

Consider the problem (see also [6,8,12])

dl(t) 0 cos Ot -sin 6t
4. 4) X = E(t) £ L)X, E(t) = ,
0 e—ldz(t) sin 6t cos Ot

| being constant. Then Y(t) = E_](t)X(t) satisfies (cf. (4.2))

dl(t) 8
4.5) Y = Y.
-0 E-ldz(t)
lence C12(t) = -6, C21(t) = 6. Consequently, we have to deal with a strong

oupling from stiff to smooth, and vice versa. It is not difficult to verify

‘hat for this specific example part (iii) of Theorem 4.1 applies. Note that

:\quation (4.5) belongs to 32' Let d] = d2 = —]1. Then
_ +

1+ed 1+el ctr't
4.6) Y(t) = ’

-€0 -€0 ) C_ex t

+ . o 1, e 1y2 2 g2
here € are arbitrary constants and A~ = 5(—1—5 + /(l-e )7 - 467).
lote that A ~ —e—l and x* + -1 as € -~ 0. Next we set C = 0, C+ = 1. Then
+ —-—
(l+e>\+)eA t et cos ot

4.7) X(t) = E(t) = + 0(e), €~ 0.

e -t
-gBe e sin 6t




s that solution (4.7) is smooth and, to a great extent, independent
» stiffness parameter €. The same remark applies to the first component
s corresponding solution of (4.5). Its second somponent is O(g). In

‘0ollows we shall refer to the X-example and Y-example.

Jjumerical illustration

le integrated the X-example and Y-example for 6 = 1 and for a set of
ies from [10_8,10_]] with all 4 two-stage formulas (3.14) over the t-
ral [0,2m], using a constant stepsize T = m/25. Note that for the Y-

le the formulas (3.14) are identical.

[n figure 4.1 we plotted the value ac = -lolog(max. abs. error at t =
jainst €. The a-curve and b-curve clearly show the lack of e-bounded-
>f methods a and b (instability for small €). Methods c and d are e-
bounded on S (see Theorem 4.2) .
They produce approximations which
are nearly independent of €. Re-
call that, for small e, the exact

. a-d solutions share this property.

~ <

:\§:::;::“‘“"‘““"""""d' Finally, this example nicely

shows that a simple transforma-

Cc

n alls tion of the differential equation
) > - 1010g ¢ . . .

) ‘ - , may lead to a qualitatively dif-
) T T T T

1100 3. 5.00 7.00 ferent behaviour of a Rosenbrock
1 method.

Fig. 4.1 ——— X-example;

———- Y-example.

E AUTONOMOUS NOTATION

Many authors prefer the autonomous notation. It facilitates the anal-
of the consistency conditions, while every non-autonomous equation (1.1)
e converted to the autonomous form by introducing t as a new dependent

ble. For example, the Rosenbrock code ROW4A requires the autonomous




orm [1]. When we rewrite problem (1.1) to the autonomous form the deriva-
ive Ft enters into the computation. It is easily seen that the Rosenbrock

pproximation (1.2) then can be defined by the (non—autonomous) scheme

x( - x|
n n

n
5.1) .

) e w .

Xn = Xn+ T A, 2 K , j = 1(Dm,

g=0 & m
_ (m)

Xn+1 - Xn ?
here GéJ) = G(Eéj),iéJ)),G(t,X) = 3F(t,X)/dot. Furthermore, tsJ) is now de-
ined by t(J) =t +7t(A. ~+...+A. . ). All other quantities are defined

n n 3,0 3,3-1

s in scheme (1.2). It is convenient to use notation (5.1) (cf. [5,91).
Because we deal with non-autonomous models, the following interesting
uestion arises. When we apply (5.1) to the model classes (3.1) and (4.1),
o we then preserve the boundedness results summarized in the 2 preceding
ections? For the most interesting results the answer to this question is,
eculiarly, negative. It is even negative for schemes using more than 1
acobian evaluation per step. This matter will be discussed in section 5.1.

y way of illustration, we also repeat the experiments presented before.

ection 5.2 reports an experiment with the automatic code ROW4A.

.1. Boundedness results for method 5.1

'HEOREM 5.1. No Rosenbrock method (5.1) is e—accurate on class (3.1).

ROOF. By counterexample. Consider the simplified problem § = -e—]u(t)y.
pplication of any method (5.1), at a point (t,y), delivers

-1 2 -1-
ay _ =0\ gvgdte M) = X gvgt e u(t)
5.2) y = - v
I+ vyy7e "u(t)
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that if (Alo—yo)u(t)+ XIOYOT ﬁ(t) # 0, then y(l) = 0(1) as € - 0. By

tion, e—accuracy of an m-stage method implies y(l) =0(e). O

f we apply relation (5.2) repeatedly, we may easily encounter instabil-

'or example, substituting A

=, (L-stability) and u(t) = exp(—t/TYO)
y(l)

10
= y. On the other hand, when using the non-autonomous notation

bstitution X delivers Iy(])/yl = l(1+YOT e—]u(t))_ll < 1 for

=y
10 0
>0 and € € (0,80]. In other words, the stability of the l-stage scheme
. lost by conversion to the autonomous form. Without doubt this conclu-
1so applies to m-stage schemes, m > 1. As we do not discuss stability

‘ties we do not pursue this subject further.

M 5.2. (i) No method (5.1) is e-bounded on class 32. Consequently, no

! (5.1) Zs e-bounded on class S and class (3.1).

ny method (5.1) is e-bounded on the 2 classes of problems (3.1) for
respectively, A = 0 and A,u are constant.

Consider class (3.1). Let the point X = (x,y) occurring in Definition
be such that x = 0(1) and y = 0(e). Then any Rosenbrock method (5.1)

teccurate on the whole class (3.1).

- The proofs of (ii) - (iii) go along the same lines as the proofs of
srresponding parts of Theorem 3.2 (see [12], section 4). The proof of
‘i) goes by counter-example. It suffices to take m = 1. Consider the

m (cf. (4.3))

.

-1

. -1
y=-e vy.

-stage scheme, applied at a point (t,x,y), yields the increment vector

- -], - _1.
e la (£)(1+y Tel) ly+Y Te a,,(t)y
12 0 0 12
<0 _

-e_1(1+ Yo T e—])y

appropriate choice of alz(t), the first component becomes unbounded

(0,60]. This simple observation proves part (i). [




fig. 5.1 Initial x-error,
*(3.6,11,12a).
Autonomous notation

~e

fig. 5.3 Initial x-error,
(3.6,11,12b).
Autonomous notation

Fig. 5.5 X-example.
Autonomous notation
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Fig. 5.2 1Initial y-error,
(3.6,11,12a).
, Autonomous notation
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Fig. 5.4 1Initial y-error,
(3.6,11,12b).
Autonomous notation

y way of illustration we repeated
1e afore-mentioned experiments

ith the 4 two-stage schemes (3.14),
ut now using the autonomous form.
igures 5.1-5.4 and 5.5 correspond
ith figures 3.1-3.4 and 3.5, re-
>ectively. Note that all 4 schemes

>w behave more or less equal.
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n experiment with ROW4A

\OW4A is an automatic Rosenbrock code based on the algorithm GRK4A

hed in [4]. Gottwald and Wanner [1] provided it with a so-called back-
itrategy to obtain a more reliable stepsize and local error control.
\derlying integration method is A-stable and of order 4. Its increment

‘s are of the (more general) form (cf. (1.2))
h]

£

1
L)
Bj,ﬂ K b

G) _ < -1 (i)
K~ = (I YTJn] {F(Xn ) + .

)
jsume the autonomous notation ((5.5) can also be rewritten like formula
, see [5]). The method is not e-bounded on class (3.1) and class S.

1s 3 F(X)-evaluations and 1 J(X)-evaluation per step. We implemented

on a CDC Cyber 750 in single precision (14 decimals). Our version com-
Jn from the analytic expression.

Jur aim of reporting an experiment with an automatic code, like ROW4A,
illustrate how the lack of e-boundedness shows up in practice. When
)roperty is missing, one may encounter unusually large local errors,
then the solution to be integrated is smooth. A reliable code should

- these errors and should, at the cost of the number of integration

of course, deliver a result of the desired accuracy (see also [11],

m 5). In view of this, ROW4A seems to suit our purpose as it has been
ved with the back-step strategy.

lhe experiment consists of the automatic integration of the X-example
-example of section (4.3), over the interval [0,2m], for a set of e-

5 between 10—7 and 10_1. The tolerance parameter TOL of ROW4A and the

3 and 10_2, respec—

1l stepsize were in all integrations equal to 10~
7. Figure 5.6 shows results of the experiment.
fhe plots clearly show the lack of e-boundedness of ROW4A when applied
> X-example. Though the exact solution is smooth, and nearly indepen-
>f €, the numbers IPAS and IREP strongly increase as € decreases. As
ved above, such a behaviour was to be expected. However, more dramatic
at the code looses its accuracy. The local error control clearly fails

is example. This experiment confirms that it can be very dangerous to

on local error control mechanisms.




ac ] 8
8 Y-example ~ <
- g IPAS oo
N X-example - 7] " ..
o £sg o e
8 + - 1010g ¢ RS Rt o
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Fig. 5.6 Results for ROW4A. In the right figure we plotted IPAS = the
number of accepted steps and IREP = the number of repeated
steps needed by ROW4A on the X—example. For the Y-example
these numbers are 16 and 0, respectively, and do not change
with €.

. SOME FINAL COMMENTS

The question arises how to employ our experiences in order to improve
he Rosenbrock methods when applied to real life problems. Let us first con-
ider methods based on the non—autonomous notation (1.1). For this type of
osenbrocks methods our results strongly suggest to take care of e-bounded-
ess and e-accuracy when dealing with problems where the stiffness origi-
ates from t-dependent parts in the equation. However, if one wishes to con-
truct such a method, one has to face an additional difficulty, i.e., the
olution of extra order conditions due to the presence of derivatives to t.
o solve these extra conditions, for a given order, it may well be necessary
o add extra stages. From this point of view the autonomous notation should
e preferred. Unfortunately, for the type of problems mentioned above the
onversion to the autonomous form may lead to a significant loss in accu-
acy, as shown in our éxperiments. This circumstance makes it difficult to
ecide which approach should be preferred. In the author's opinion, an ac-
ountable decision can only be made if one has a typical problem class at
and. In this connection we should also remark that Kaps and Rentrop [4]
nd Gottwald and Wanner [1] report promising results with their 'autonomous'

odes GRK4A and ROW4A. Gottwald and Wanner [2] even show that on a set of 4
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real life problems from chemical kinetics and physiology, their code ROW4A
is more efficient and more reliable than a popular backward differentiation
one.
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